ABSTRACT: This paper presents a fully analytical solution, together with explicit expressions, for the steadystate response of a homogeneous 3D space subjected to a spatially sinusoidal, harmonic line load. In the literature, this problem is often referred to as the two-and-a-half-dimensional fundamental solution or two-and-a-halfdimensional Green's functions. These equations are of great usefulness in the formulation of 3D elastodynamic problems by means of integral transforms methods and/or boundary elements. The final expressions are validated here by applying the equations to the problem of a 3D point load, for which the solution is known in analytical form.
INTRODUCTION
Problems in elastodynamics can often be solved with the aid of formulas or expressions referred to as Green's functions. These functions, or fundamental solutions, relate the field variables (stresses or displacements) at some location in an elastic body caused by dynamic sources placed elsewhere in the medium. The fundamental solutions most often used are those for harmonic point loads in a 3D, infinite homogeneous space and for a harmonic line load acting within 2D spaces. The reason for these choices is that these two fundamental solutions are known in closed-form and have a relatively simple structure (Dominguez and Abascal 1984) . This paper presents an alternative fundamental solution in explicit form, namely the Green's functions for a harmonic (steady-state) line load whose amplitude varies sinusoidally in the third dimension. This solution, which is often referred to in the literature as the two-and-a-half-dimensional problem, can be of significant value in the formulation of 3D elastodynamic problems via boundary elements together with integral transforms.
FUNDAMENTAL SOLUTION
Consider first an infinite, homogeneous space subjected at the origin of coordinates to a harmonic point load of the form p (x, y, z, t 
it acting in any direction. In this expression, ␦(x), ␦( y), and ␦(z) are Dirac delta functions, and is the frequency of the load. The response to this load can be obtained by means of the method of potentials, which leads to the two Helmholtz equations (Stokes 1849; Cruse and Rizzo 1968; Dominguez and Abascal 1984) 
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where
with Im(k ␤ ) Յ 0; and Â p (x, y, k z , ) and Â s (x, y, k z , ) = Fourier transforms of the two potentials A p (x, y, z, ) and A s (x, y, z) , respectively. The complete solution to these equations is (2) iH (Ϫik r)
The first two terms in these equations constitute the homogeneous solution with integration constants C 1p , C 1s , C 2p , and C 2s , and the third term is the particular solution. Because first
FIG. 1. Position of Loads, Receiver, and Medium Properties
Hankel functions in combination with exp(it) represent waves traveling toward the origin, and because there are no sources at infinity, it follows that C 1p = 0 and C 1s = 0; this is the so-called radiation condition. The other two constants can be determined from equilibrium conditions at the origin, which entails the rather tedious process of integrating the stresses in the vicinity of the source and equating their resultant to the applied load. This gives
The displacement G ij in the i-direction due to a load applied in the j-direction can now be obtained from the well-known relations between potentials and displacements, namely
in which ␦ ij = Kronecker delta; x j = x, y, z for j = 1, 2, 3; and Ѩ/Ѩz = Ϫik z . Application of this equation while observing from (3b) and (5a) and (5b) that
one obtains the complete set of Green's functions listed in Appendix II. For convenience, these functions are expressed there in terms of modified Hankel functions B n , which are defined and satisfy the properties listed in Appendix I.
Detailed expressions for the strains and stresses are also given in Appendix II, which were derived from the Green's functions by means of the well-known equation relating strains and displacements.
VALIDATION OF SOLUTION
First, it should be noted that when a zero axial wave number (k z = 0) is used in the Green's functions listed in Appendix II, the 2D Green's functions for plane-strain line loads are indeed recovered. Hence, these expressions satisfy the plane-strain model as a special case.
Second, the Green's functions presented herein can be shown to be consistent with the response functions for moving loads given earlier by Pedersen et al. (1994) , who applied these functions to problems of scattering of waves by topographies. The proof requires considering harmonic point sources moving along the z-axis with constant speed c = /k z . Third, the expressions described previously can be validated numerically by means of the exact solution for a point load. The verification entails solving a sequence of two-and-a-halfdimensional problems with different spatial wave numbers k z and synthesizing the 3D displacement field via an inverse Fourier transform. This transform can be cast in discrete form by considering an infinite number of virtual point sources spaced at equal intervals along the z-axis, which must be placed at a sufficient distance from each other to avoid spatial contamination (Bouchon and Aki 1977) .
Consider a harmonic point source at the origin of the coordinate system (x = 0, y = 0, z = 0), acting along the ydirection in an unbounded, homogeneous medium with the material properties given in Fig. 1 . Computations are performed in the frequency range of 10-1,280 Hz with a frequency increment of 10 Hz. The displacement field G iy is computed at the receiver point R (x = 5, y = 4, z = 3).
As stated previously, the Fourier transformations are achieved by discrete summations over wave numbers and frequencies, which is mathematically equivalent to adding sources at spatial intervals L = 2/⌬k z (along the z-axis) and at temporal intervals T = 2/⌬, respectively. The spatial separation L must be large enough to prevent contamination of the response by the periodic sources. In other words, the contribution to the response by the fictitious sources must be guaranteed to occur at times later than T. This goal can be achieved by shifting the frequency axis downward and considering complex frequencies of the form c = Ϫ i having a small, constant negative imaginary part (Phinney 1965) . A convenient choice is = 0.7⌬, which results in a significant attenuation or virtual elimination of the periodic sources. In the time domain, this shift is later eliminated by means of an exponential window exp t applied to the response (Kausel and Roësset 1992) . In the present example, the spatial period has been set as L = 2T␣ = 840 m.
The displacement field at the receiver R in the frequency versus axial wave-number domain is displayed in Fig. 2 , which depicts the amplitudes of the response, normalized to the largest value. Values for k z in excess of /␤ correspond to inhomogeneous, evanescent waves, which decay rapidly in space. As can be seen, the plots exhibit two distinct folds that are associated with horizontally propagating P and S waves with wave numbers /␣ and /␤, respectively.
The motion components at the receiver are also computed with the analytical solution for the 3D Green's function. The markers in Fig. 3 display the real and imaginary parts of the response for the discrete summation over k z , and the solid line represents the closed-form solution. Clearly, the agreement between these two solutions is excellent. Tests with loads at the 
CONCLUSIONS
A fully analytical solution for the steady-state response of a homogeneous 3D space subjected to a spatially sinusoidal, harmonic line load has been presented. The solution agrees fully with a solution for moving loads given earlier by Pedersen et al. (1994) . The final expressions were validated by applying the equations to the problem of a 3D point load, for which the solution is known in analytical form. An excellent agreement was found between the numerical solution by Fourier synthesis and the exact solution. 
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